Abstract: Orbital angular momentum (OAM) mode-division multiplexing (MDM) has recently been under intense investigations as a new way to increase the capacity of fiber communication. In this paper, a two-layer Erbium-doped fiber amplifier (EDFA) for an OAM multiplexing system is proposed. The amplifier is based on the circular photonic crystal fiber (C-PCF), which can maintain a stable transmission for 14 OAM modes by a large index difference between the fiber core and the cladding. Further, the two-layer doped region can balance the amplification performance of different modes. The relationship between the performance and the parameters of the amplifier is analyzed numerically to optimize the amplifier design. The optimized amplifier can amplify 18 modes (14 OAM modes) simultaneously over the C-band with a differential mode gain (DMG) lower than 0.1 dB while keeping the modal gain over 23 dB and noise figure below 4 dB. Finally, the fabrication tolerance and feasibility are discussed. The result shows a relatively large fabrication tolerance in the OAM EDFA parameters.
Introduction
Optical communication technology has developed rapidly in the past decades. All kinds of multiplexing and high order modulation technological have greatly increased the capacity of single fibers. The transmission capacity is gradually reaching the limit in that a standard single-mode fiber (SMF) cannot carry more than about 100 Tbit·s −1 of data in the C + L band [1] . To meet the stupendously increasing demands for transmission capacity, mode-division multiplexing (MDM), which is one of space-division multiplexing (SDM), has been proposed. MDM utilizing the orthogonality among different orbital angular momentum (OAM) states as the multiplex method has exhibited promising prospects in recent years. An OAM beam is characterized by a helical phase front exp (ilϕ) (in polar coordinates, l is the topological charge, and ϕ is the azimuthal angle), which is an optical vortex beam [2] [3] [4] . Theoretically, l can be any integer value (that is, OAM has an infinite number of orthogonal eigenstates), which means that OAM has great potential to increase the transmission
Theory
Erbium ion has a unique three-level system, as shown in Figure 1 . It includes a ground state, metastable state, and excited state, which is suitable to realize the population inversion between the metastable state and ground state to amplify a signal light whose wavelength is around the 1550 nm window (C-band). We used the Giles and Desurvire model to carry out the analyses upon the population conversion, which is widely used in simulations for fiber amplifiers [29] [30] [31] [32] [33] . Owing to the lifetime of the Erbium ion in the metastable state, which is much larger than that in the excited state, the particles of the excited state can be ignored; therefore, the model is considered as a two-level system. Then, we can describe the changing rate of the Erbium ion concentration in the metastable state by the following equations:
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where n 1 and n 2 are the Erbium ion concentrations of the ground state and the metastable state, respectively; P k is the power of light; k = s,p,a corresponds to the light power of the signal and pump as well as the amplifier spontaneous emission (ASE) noise, respectively; i k is the normalized light intensity; σ ak and σ ek are the absorption and emission cross-sections (which are the attributes of Er 3+ ) respectively; h is Planck constant; and τ is the lifetime of the metastable state. Equation (2) denotes the particle conservation in the two-level system, where n t is the total Erbium ion concentration. When the EDFA is in a stable state, the number of particles in the metastable state remains unchanged, and Equation (1) is equal to zero. Then, the particle inversion can be given by:
The transmission equation in the optical fiber can be expressed by the following propagation equation: 
Modeling of the OAM-EDFA
The light intensity distributions of OAM modes transmitted in fiber are ring-shaped. Therefore, the circular fiber structure, such as C-PCF, is a good choice for an OAM fiber. The OAM modes are formed by linearly combining orthogonal even and odd vector modes with a π/2 phase shift by the following equations: 
where l is called the topological charge representing the number of the azimuthal period, and m is the radial order giving the number of concentric rings. The superscript "±" denotes the polarization state of the OAM mode. OAM modes combined of eigenmode HE possess a circular polarization in the same direction as the OAM rotation, while OAM modes formed of eigenmode EH exhibit a circular polarization in the opposite direction as the OAM rotation [12] . For a given topological charge (l > 1) and radial order, four OAM modes form an OAM family. The OAM1,1 family composed of even and odd mode of HE2,1 have two OAM modes because the OAM1,1 composed by TE0,m and TM0,m mode is unstable [34] . The C-PCF fiber structure without the two doped regions in Figure 2a was proposed by our group [17] . It supports the 14 OAM mode transmission and exhibits some good features, such as wide In the EDFA, the amplification occurs in the process of energy exchange between the pump light and Erbium ions. Therefore, the overlap of the pump light and the doped region determines mainly the performance of EDFA. Therefore, we define the overlap factor as the dimensionless integral overlap between the normalized optical intensity distribution and the normalized Erbium ion distribution:
where a and b are the inner and outer radius of the fiber doped region. To obtain efficient amplification, it is necessary to make the signal light and the doped area perfectly overlapped, and the signal light and pump light matched greatly. Thus, a correction factor η is presented to evaluate the overlap between the signal light and the pump light [28] :
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where n sp and G represent the spontaneous emission factor and the mode gain, respectively. The Equations (1)- (7) are combined to analyze the performance of the amplifier based on the OAM fiber.
The light intensity distributions of OAM modes transmitted in fiber are ring-shaped. Therefore, the circular fiber structure, such as C-PCF, is a good choice for an OAM fiber. The OAM modes are formed by linearly combining orthogonal even and odd vector modes with a π/2 phase shift by the following equations:
where l is called the topological charge representing the number of the azimuthal period, and m is the radial order giving the number of concentric rings. The superscript "±" denotes the polarization state of the OAM mode. OAM modes combined of eigenmode HE possess a circular polarization in the same direction as the OAM rotation, while OAM modes formed of eigenmode EH exhibit a circular polarization in the opposite direction as the OAM rotation [12] . For a given topological charge (l > 1) and radial order, four OAM modes form an OAM family. The OAM 1,1 family composed of even and odd mode of HE 2,1 have two OAM modes because the OAM 1,1 composed by TE 0,m and TM 0,m mode is unstable [34] . The C-PCF fiber structure without the two doped regions in Figure 2a was proposed by our group [17] . It supports the 14 OAM mode transmission and exhibits some good features, such as wide bandwidth, flat dispersion, and low confinement loss. The C-PCF is formed by a large air-hole located at the fiber center, solid circular ring region, and four rings of air-hole arrays as the photonic crystal cladding. The substrate material is pure silica with a refractive index of 1.444 (at 1.55 µm), and the air region contributes to the refractive index of 1. Thus, the refractive index of the cladding constituted by the period photonic crystal structure is determined by the weight of the two materials, which can be changed by tailoring the air-filling fraction of the photonic crystal cladding [35] . Between the central air-hole and the cladding air-hole arrays is a ring-shaped area, which acts as the high index fiber ring-core to confine the OAM modes well within it. If we arrange the two-layer Erbium-doped regions as shown in Figure 2a , it would be a good OAM-EDFA structure for both transmission and amplification. The spatial lattice positions on the x-y plane are given by:
where Λ and N are the lattice constant and number of concentric lattice periods, respectively; r denotes the inner radius of the ring-shaped area with a high index (that is the radius of a large air-hole in the fiber center), and d 2 to d 5 are the diameters of the cladding air holes, ϕ is the azimuthal angle. We set the lattice constant of Λ = 2 µm, the diameter of a large air hole of d 0 = 2.4 µm, and parameters
Crystals 2019, 9, x FOR PEER REVIEW 5 of 10 angle. We set the lattice constant of Λ = 2 μm, the diameter of a large air hole of d0 = 2.4 μm, and The schematic of the two doping regions of EDFA is shown in Figure 2a covered with a red grid. The refractive index and Erbium concentration profile of the fiber is shown in Figure 2b and the two doping regions correspond to the two grey areas in Figure 2c . The normalized intensity distribution of the 14 OAM modes is shown in Figure 2c . We can see that the low order OAM modes tend to distribute in the inner area of the high index region, while the high order OAM modes fall in the outer area. According to Equation (5), the amplification of different OAM modes is determined by the overlapping region between the doped region and the mode field distributions, which will cause different DMGs.
To reduce this difference, we arranged two-layer doped Erbium regions at the inner and outer sides of the high index region. The inner doped region overlaps more with the low order OAM modes, while the outer doped region overlaps more with the high order OAM modes. Therefore, this twolayer Erbium-doped arrangement balances the amplification difference between the lower and higher order OAM modes, and hence minimizes the DMG. Then, the doped widths and Erbium ion concentrations in the two regions should be optimized to obtain the optimal performance.
In the one-layer structure, the design can only be adjusted at the boundary of the doped region where the difference among the intensity of modes is the biggest, which means that the tolerance for application is low. Little doped boundary unconformity will cause a big difference for the performance. However, in the two-layer structure, the design is adjusted where intensities of different modes are very close. The tolerance of our design will be much higher.
Analysis and Optimization
To design an OAM-EDFA with good features, we need to study the influence of the parameters on the performance of the amplifier. The equilibrium amplification of different OAM modes and the The schematic of the two doping regions of EDFA is shown in Figure 2a covered with a red grid. The refractive index and Erbium concentration profile of the fiber is shown in Figure 2b and the two doping regions correspond to the two grey areas in Figure 2c . The normalized intensity distribution of the 14 OAM modes is shown in Figure 2c . We can see that the low order OAM modes tend to distribute in the inner area of the high index region, while the high order OAM modes fall in the outer area. According to Equation (5), the amplification of different OAM modes is determined by the overlapping region between the doped region and the mode field distributions, which will cause different DMGs.
To reduce this difference, we arranged two-layer doped Erbium regions at the inner and outer sides of the high index region. The inner doped region overlaps more with the low order OAM modes, while the outer doped region overlaps more with the high order OAM modes. Therefore, this two-layer Erbium-doped arrangement balances the amplification difference between the lower and higher order OAM modes, and hence minimizes the DMG. Then, the doped widths and Erbium ion concentrations in the two regions should be optimized to obtain the optimal performance.
To design an OAM-EDFA with good features, we need to study the influence of the parameters on the performance of the amplifier. The equilibrium amplification of different OAM modes and the conversion efficiency should be considered to realize low DMG and high gain. Figure 2a shows the structural parameters of the proposed OAM-EDFA, where w 1 and w 2 are the widths of the inner Crystals 2019, 9, 156 6 of 10 and outer ring doped region, respectively, which defines the performance of the amplifier. d denotes the spacing of the two-layer doped region, which provides the total effective amplifier area of the EDFA, and, furthermore, determines the conversion efficiency. Next, we investigate the selection of the parameters. First, w 1 and w 2 are set as equal, and d is swept from 0.8 µm to 0.2 µm with a step of 0.2 µm. Figure 3 shows the gains of different order modes versus d at 1550 nm wavelength. When d is equal to 0.4 µm, the gains of different order modes are almost identical, so the DMG is the lowest. Figure 2c shows that the overlap between the field distribution of the lower order modes and the doped region is larger than that of higher order modes when w 1 is increased. Thus, the gain of lower order modes will increase faster than that of higher order modes. On the contrary, when w 2 is increased, the increases in the gain of lower order modes will be slower than that of higher order modes. We can balance the amplification of different modes by increasing w 1 and decreasing w 2 ; accordingly, the DMG can be reduced. The final parameters are tailored to w 1 = 0.9 µm and w 2 = 0.7 µm while d = 0.4 µm through further optimization, where the w 1 is nearly at the point of the intersection of different modes in Figure 2c .
1
Besides the widths of the doped regions, the doping concentrations and the length of the EDFA also affect the performance. The relationship between the two concentrations of the doped regions and DMG (Erbium-doped profile is assumed uniform in each area) is shown in Figure 4a . The concentration in the circle can be set with an acceptable DMG. However, when the doped concentration is higher than the value of 1.8 × 10 25 m −3 , the noise figure is higher than 4dB, as shown in Figure 4b . Considering to balance the DMG and noise figure, N 1 is set at 1.5 × 10 25 m −3 and N 2 is set at 1.6 × 10 25 m −3 as shown in Figure 2b , providing a great result for both low DMG and noise. The length of EDFA is swept from 0 m to 15m as shown in Figure 4c . The mode gains increase rapidly and then gradually saturates with the increase in fiber length, while the noise figure (NF) increases slowly and then rises rapidly. To compromise the mode gains and the noise figure, the length is set to 7 m.
trade-off between gain and DMG, we can take the value of the input signal power to be −15 dBm, which provides the gain is larger than 20 dB, and DMG is less than 0.05 dB. When the parameters of the structure are settled, the mode gains and DMG as functions of the pump power and signal power are shown in Figure 5 . The signal wavelength and the pump wavelength are set to 1550 nm and 980 nm, respectively. The pump power is swept from 50 mW to 300 mW. The gain first increases rapidly and then gradually becomes saturated, and the DMG changes similarly, as shown in Figure 5a . To get a relatively high gain and low DMG, the pump power is chosen as 150 mW by a trade-off method where the gain is close to saturation and the DMG is low enough. Figure 5b shows the gain and DMG as the function of input signal power. Considering the trade-off between gain and DMG, we can take the value of the input signal power to be −15 dBm, which provides the gain is larger than 20 dB, and DMG is less than 0.05 dB. trade-off between gain and DMG, we can take the value of the input signal power to be −15 dBm, which provides the gain is larger than 20 dB, and DMG is less than 0.05 dB. In Figure 4a , we can see that the DMG would be acceptable when the doping concentrations are in the marked area, which means a large range for concentration tolerance. To obtain a balance between avoiding the radially higher order modes and achieving a good quality of OAM modes, a value of d0 can be selected from 2.2 μm to 3.6 μm, whose large range indicates a large fabrication tolerance [17] . Besides the concentration and the diameter of a large air-hole, the doped width tolerance should also be considered. Owing to the two-layer structure, OAM-EDFA can equalize the gain of the high order OAM modes and the lower order OAM modes. Therefore, the width between w1 and w2 can be tolerated within a larger range. At present, the fabrication of PCF and the doping process of the ion have been matured. A fiber similar to the C-PCF structure has been drawn and experimented on [36] [37] [38] . Therefore, it is feasible to manufacture the OAM-EDFA based on C-PCF.
Conclusions
We have presented a new design of OAM-EDFA with a two-layer doped profile to stably maintain 18 eigenmodes (14 OAM modes) for the MDM system. The amplifier is based on the C-PCF supporting OAM modes and adopts the core-pumping scheme. Parameters that affect the amplifier performance, such as the width of the two doped regions, the doping concentrations, the length of the amplifier fiber, and the pump power and signal power, are optimized by a trade-off scheme. The fabrication tolerance of the EDFA is also discussed, and the results show a relatively large tolerance. The two-layer doped region can balance the amplification performance of different modes to minimize the DMG of 14 OAM modes below 0.08 dB. The optimal OAM-EDFA designed will theoretically achieve a gain over 23 dB and a noise figure less than 4 dB for all 14 OAM modes across the full C-band.
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